INTRODUCTION
Let A be a Banach algebra and ω : A ⊗A −→ A; a ⊗ b → ab be the canonical morphism (for emphasis, ω A ). Clearly, ω is an A-bimodule map (i.e. a bounded linear map which preserves the module operations) with respect to the canonical bimodule structure on the projective tensor product A ⊗A. A Banach algebra A is called biprojective if ω has a bounded right inverse which is an A-bimodule map. A Banach algebra A is said to be biflat if the adjoint ω * : A * −→ (A ⊗A) * has a bounded left inverse which is an A-bimodule map. It is obvious that every biprojective Banach algebra is biflat. The basic properties of biprojectivity and biflatness are investigated in [13] .
To work with amenable semigroups is in general harder than to work amenable groups [9] . One major difference is that in the group case the amenability of group is related to the amenability of the Banach algebra of absolutely integrable functions on the group. The concept of amenability for Banach algebras was initiated by Johnson in [15] . One of the fundamental results was that L 1 (G) is an amenable Banach algebra if and only if G is an amenable locally compact group. Now Johnson's amenability theorem fails for semigroups. Indeed there are many commutative (and so amenable) discrete semigroups for which the corresponding semigroup algebra is not amenable (a characterization of the semigroups S such that ℓ 1 (S) is amenable is given in Theorem 10.12 of [8] ). The concept of module amenability is introduced to resolve this problem. It is shown in [1] that a discrete inverse semigroup is amenable if and only if its semigroup algebra is module amenable. The notion of module amenability is closely related to module biprojectivity and biflatness.
In [5] , Bodaghi and Amini introduced a module biprojective and module biflat Banach algebra which is a Banach module over another Banach algebra with compatible actions. For every inverse semigroup S with subsemigroup E of idempotents, they showed that ℓ 1 (S) is module biprojective, as an ℓ 1 (E)-module, if and only if an appropriate group homomorphic image G S of S is finite. They also proved that module biflatness of ℓ 1 (S) is equivalent to the amenability of the underlying semigroup S. Some examples of Banach algebras which are module biprojective (biflat), but not biprojective (biflat) are given in [5] .
It is shown in [3, Proposition 3.6 
] that if A is a commutative Banach
A-bimodule such that A * * is A-bimodule amenable, then A is module amenable. In part three of this paper we improve this result by assuming a weaker condition on A, using our results on module biflatness. Among many other things, we bring some examples of Banach algebras such that their second dual are module biflat, but which are not themselves module biflat.
MODULE BIFLATNESS
Let A and A be Banach algebras. Suppose that A is a Banach A-bimodule with compatible actions, that is
Let X be a Banach A-bimodule and a Banach A-bimodule with compatible actions, that is
and similarly for the right or two-sided actions. Then we say that X is a Banach A-A-module. A Banach A-A-module X is called commutative if α · x = x · α for all α ∈ A and x ∈ X. If X is a (commutative) Banach A-A-module, then so is X * .
Let X, Y be Banach A-A-modules. We say that a map φ : X −→ Y is a left A-A-module homomorphism if it is an A-bimodule homomorphism and a left A-module homomorphism, that is
for all α ∈ A, a ∈ A and x ∈ X. Right A-A-module homomorphisms and (two-sided) A-A-module homomorphisms are defined in a similar fashion.
Let A be a commutative A-bimodule and act on itself by multiplication from both sides, that is
Then it is also a Banach A-A-module. If A is a Banach A-bimodule with compatible actions, then so are the dual space A * and the second dual space A * * . If moreover A is a commutative A-bimodule, then A * and the A * * are commutative A-A-modules. The canonical images of a ∈ A and A in A * * will be denoted byâ andÂ, respectively. Let A be a Banach A-bimodule with compatible actions, and let A ⊗ A A be the module projective tensor product of A and A. Then A ⊗ A A is isomorphic to the quotient space (A ⊗A)/I A , where I A is the closed linear span of {a · α ⊗ b − a ⊗ α · b : α ∈ A, a, b ∈ A} [22] . Also consider the closed ideal J A of A generated by elements of the form (a · α)b − a(α · b) for α ∈ A, a, b ∈ A. We shall denote I A and J A by I and J, respectively, if there is no risk of confusion. Then I is an A-submodule and an A-submodule of A ⊗A, J is an A-submodule and an A-submodule of A, and both of the quotients A ⊗ A A and A/J are A-bimodules and A-bimodules. Also, A/J is a Banach A-Amodule when A acts on A/J canonically. Letω : A ⊗ A A = (A ⊗A)/I −→ A/J be induced product map by ω, i.e.,ω(a ⊗ b + I) = ab + J.
Let I and J be the closed ideals as in the above. Then (A ⊗A)/I is not a A/J-bimodule, in general. It is shown in [5] that if A/J has a right bounded approximate identity, then (A ⊗A)/I is an A/J-bimodule when A acts on A trivially from the left or the right (see also [6, Lemma 3.13] ). Recall that a Banach algebra A acts trivially on A from the left if there is a continuous linear functional f on A such that α · a = f (α)a for all α ∈ A and a ∈ A. The trivial right action is defined, similarly (see [2] ). From now on, when we consider (A ⊗A)/I as an A/J-bimodule, we have assumed that the above conditions are satisfied (for more details see [5] ). 
Proof. (i)⇒(ii). Let A be module biflat. Then there exists a bounded left inverse π : ((A ⊗A)/I) * −→ (A/J) * which is also an A/J-A-module homomorphism such that π • ω * is the identity mapping. Put ρ := π * | A/J . Thus the mapping ρ : A/J −→ ((A ⊗A)/I) * * is an A/J-A-module homomorphism. Therefore ω * * • ρ is the canonical embedding from A/J into A * * /J ⊥⊥ .
(ii)⇒(i). We firstly note that ρ * : ((A ⊗A)/I) * * * −→ (A/J) * is an A/J-A-module homomorphism. Suppose that ρ is the restriction of ρ * on ((A ⊗A)/I) * which is also an A/J-A-module homomorphism. For every f ∈ (A/J) * and a ∈ A we have
This means that ω * has a bounded left inverse which is A/J-A-module homomorphism.
(i)⇒(iii) This is trivial. (iii)⇒(i) Since every bounded subsets of L(((A ⊗A)/I) * , (A/J) * ) are W * OT compact, the net ( ω γ ) has a W * OT point limit, say π. It is easy to check that π is an A/J-A-module homomorphism and π • ω * is the identity mapping.
Let X, Y and Z be Banach A/J-A-modules. Then the short exact sequence
is admissible if ψ has a bounded right inverse which is A-module homomorphism, and splits if ψ has a bounded right inverse which is a A/J-A-module homomorphism.
THEOREM 2.4. Let A be a Banach A-bimodule with trivial left action, and let B two-sided closed ideal of A. If B/J B has a bounded approximate identity which is also a bounded approximate identity for
Proof. We firstly note that when B/J B has a right bounded approximate identity, then (B ⊗B)/I B is B/J B -bimodule if A acts on B trivially from left [5] . Consider the short exact sequence of B/J B -A-module homomorphisms as follows:
Then the following first and second duals of (2.1) are B/J B -A-module homomorphisms
By Lemma 2.2 of [5] , the short exact sequences (2.2) and (2. 
Applying Theorem 2.3, we observe that A is module biflat.
For a discrete semigroup S, ℓ ∞ (S) is the Banach algebra of bounded complex-valued functions on S with the supremum norm and pointwise multiplication. For each a ∈ S and f ∈ ℓ ∞ (S), let l a f and r a f denote the left and the right translations of f by a, that is (l a f )(s) = f (as) and
, respectively) for all s ∈ S and f ∈ ℓ ∞ (S). A discrete semigroup S is called amenable if there exists a mean m on ℓ ∞ (S) which is both left and right invariant (see [10] ). An inverse semigroup is a discrete semigroup S such that for each s ∈ S, there is a unique element s * ∈ S with ss * s = s and s * ss * = s * . Elements of the form ss * are called idempotents of S. For an inverse semigroup S, a left invariant mean on ℓ ∞ (S) is right invariant and vice versa.
Let S be an inverse semigroup with the set of idempotents E (or E S ), where the order of E is defined by
Since E is a commutative subsemigroup of S [14, Theorem V.1.2], actually a semilattice, ℓ 1 (E) could be regarded as a commutative subalgebra of ℓ 1 (S), and thereby ℓ 1 (S) is a Banach algebra and a Banach ℓ 1 (E)-bimodule with compatible actions [1] . Here, for technical reason, we assume that ℓ 1 (E) acts on ℓ 1 (S) by multiplication from right and trivially from left, that is δ e · δ s = δ s , δ s · δ e = δ se = δ s * δ e (s ∈ S, e ∈ E). (2.4)
In this case, the ideal J is the closed linear span of {δ set − δ st : s, t ∈ S, e ∈ E}. We consider an equivalence relation on S as follows:
For an inverse semigroup S, the quotient S/≈ is a discrete group (see [3] and [18] ). Indeed, S/≈ is isomorphic to the maximal group homomorphic image G S [17] of S [19] . In particular, S is amenable if and only if S/ ≈ is amenable [10, 17] . As in [21, Theorem 3.3] , we see that ℓ 1 (S)/J ∼ = ℓ 1 (G S ). Note that ℓ 1 (G S ) has an identity.
Let H be a subsemigroup of S, E ′ be the set of idempotents in H and J ′ be the closed linear span of {δ set − δ st s, t ∈ H, e ∈ E ′ }. Clearly, E ′ ⊆ E and J ′ ⊆ J. If ≈ is a equivalence relation on S as defined above, then it is also a equivalence relation on H. By the above statements we have the following result. Let (A γ ) γ∈Γ be a family of Banach A-bimodules. For every γ ∈ Γ, we consider the A-module mappings π γ :
THEOREM 2.6. Let A be a Banach A-bimodule, let (A γ ) γ∈Γ be a family of module biflat closed ideals in A, and let A has a bounded approximate identity contained in ∪ γ A γ . If sup γ π γ < ∞ such that π γ • ω * γ is identity mapping, for every γ, then A is module biflat.
Proof. Let (e λ ) λ be a bounded approximate identity for A which contained in ∪ γ A γ , let η = (F, Φ, ε) where F ⊂ A and Φ ∈ A * are finite sets. Choose γ 0 ∈ Γ such that e λ 0 ∈ A γ 0 and ae γ 0 + J γ 0 − (a + J) < ε for every ε > 0. Consider the mappings i : A γ 0 −→ A and ρ 0 : A/J −→ A γ 0 /J γ 0 by i 0 (a) = a and ρ 0 (a + J) = ae λ 0 + J γ 0 for all a ∈ A. Since every A γ is module biflat, there is a bounded left inverse A γ 0 /J γ 0 -A-module homomorphism
It is easily verified that (i ⊗
Thus lim W * OT π η • ω * = id (A/J) * . According to our assumption π η is uniformly bounded. The proof now is complete by Theorem 2.3.
Let A and B be Banach A-bimodules. Consider the projective module tensor product A ⊗ A B. This product is the quotient of the usual projective tensor product A ⊗B by the closed ideal I generated by a · α ⊗ b − a ⊗ α ⊳ b for every a ∈ A, b ∈ B and α ∈ A. We denote the space of all bounded Amodule maps from A into B by L A (A, B) . By the following module actions 
for every a ∈ A, b, c ∈ B and α ∈ A. We have
and T λ ∈ L A (B, A * ) as follow:
Consider the following isometric A ⊗ A B-A-bimodule isomorphisms maps
By the relations (2.5)-(2.11), we can prove the following theorem.
as the usual definition. We wish to show that ( ω⊗ A ω) * has a bounded left
[ by (2.10) and (2.11)]
(2.13) By using (2.13), we conclude that π⊗ A π is a left inverse of ( ω⊗ A ω) * .
MODULE AMENABILITY OF THE SECOND DUAL
In this section we explore conditions under which A * * is module amenable. Recall that a Banach algebra A is module amenable (as an A-bimodule) if H 1 A (A, X * ) = {0}, for each commutative Banach A-A-module X, where H 1 A (A, X * ) is the first A-module cohomology group of A with coefficients in X * [1] .
We denote by the first Arens product on A * * , the second dual of A. Here and subsequently, we assume that A * * is equipped with the first Arens product.
Let ω be as in section 2. Let I and J be the corresponding closed ideals of A ⊗A and A, respectively. Consider the homomorphism
Let A * * ⊗ A A * * be the projective module tensor product of A * * and A * * , that is A * * ⊗ A A * * = (A * * ⊗A * * )/M , where M is a closed ideal generated by elements of the form
where N is the closed ideal of A * * generated by ω(M ). We know that
where
and T * ,T * * be the first and second conjugates of T , then
such that for every T ∈ L A (A, A * ), F, G ∈ A * * , and bounded nets
shows the convergence in the weak topology σ(A * * , J ⊥ ) generated the family J ⊥ of w * -continuous functionals on A * * ), we have
Proof. We only need to check that Λ is a A-A-module homomorphism. It is easy to see that for
Similarly, Λ(T · α) = Λ(T ) · α for all T ∈ L A (A, A * ) and α ∈ A.
Consider the map λ : A * * /N −→ A * * /J ⊥⊥ ; F + N → F + J ⊥⊥ . It follows from the proof of [4, Theorem 3.4] that N ⊆ J ⊥⊥ , and thus λ is well defined. Also, it is easy to see that λ is a bounded A-A-module homomorphism.
The following result is the module version of the classical case which is proved in [16, Theorem 2.2] . 
Then it is easy to check that ∆ is a left inverse for ω * . The following theorem shows the relation between the concepts of module amenability and of module biflatness on Banach algebras. Since its proof is similar to the proof of [5, Theorem 2.1], is omitted. We only remember that the module amenability of a Banach algebra A implies that A/J has a bounded approximate identity [1, Proposition 2.2]. We employ this result to show that there are semigroup algebras such that their second dual are module biflat but which are not themselves biflat. Proof. If A * * is module amenable, then A * * is module biflat and A * * /N has a bounded approximate identity {E j + N } by Theorem 3.4. Since λ is surjective, {E j + J ⊥⊥ } is a bounded approximate identity for A * * /J ⊥⊥ . Now the result follows from Theorem 3.2, Lemma 3.3 and Theorem 3.4. COROLLARY 3.6. Let A/J commutative Banach A-bimodule and N be weak * -closed in A * * . If A * * is module amenable, then so is A.
Let P be a partially ordered set. For p ∈ P , we set (p] = {x : x ≤ p}. Then P is called locally finite if (p] is finite for all p ∈ P , and locally C-finite for some constant C > 1 if |(p]| < C for all p ∈ P . A partially ordered set P which is locally C-finite, for some constant C is called uniformly locally finite. For example, the semigroup S = (N, •) in which m • n =min{m, n} is locally finite but is not uniformly locally finite.
Let S be an inverse semigroup with the set of idempotents E. Assume that J is the closed ideal J generated by the set {δ set − δ st : s, t ∈ S, e ∈ E}. By module actions defined in (2.4), we have δ se − δ s ∈ J ⇐⇒ δ set − δ st ∈ J for all s, t ∈ S and e ∈ E. Therefore ℓ 1 (S)/J ∼ = ℓ 1 (S/ ≈) is always a commutative ℓ 1 (E)-bimodule.
Example 3.7. Let S = (N, •) be the semigroup of positive integers with minimum operation, that is m • n =min{m, n}, then each element of N is an idempotent, and thus G N is the trivial group with one element. Therefore ℓ 1 (N) * * is ℓ 1 (E N )-bimodule amenable by [3, Theorem 3.4] . Let us N be the closed ideal of ℓ 1 (N) * * generated by (F ·α) G−F (α·G), for F, G ∈ ℓ 1 (N) * * and α ∈ ℓ 1 (E N ). Since ℓ 1 (N)/J is a commutative Banach ℓ 1 (E N )-bimodule, so is ℓ 1 (N) * * /N . Hence ℓ 1 (N) * * is module biflat by Theorem 3.4. On the other hand, (N, ≤) is not uniformly locally finite. Thus ℓ 1 (N) is not biflat, and so it is not biprojective [20] . Therefore, by [11, Corollary 3.11] , ℓ 1 (N) * * is not biflat.
Example 3.8. Let C be the bicyclic inverse semigroup generated by p and q, that is C = {p m q n : m, n ≥ 0}, (p m q n ) * = p n q m .
The set of idempotents of C is E C = {p n q n : n = 0, 1, ...} which is totally ordered with the following order
It is shown in [3] that ℓ 1 (C) * * is not module amenable as an ℓ 1 (E C )-bimodule. Therefore it is not module biflat by Theorem 3.4. Note that ℓ 1 (C) * * is not biflat by [11, Corollary 3.11] . However (E C , ≤) is not uniformly locally finite, so ℓ 1 (C) is is not biprojective.
Example 3.9. Let G be a group, and let I be a non-empty set. Then for S = M 0 (G, I), the Brandt inverse semigroup corresponding to G and the index set I, it is shown in [18] that G S is the trivial group. Therefore ℓ 1 (S) * * is module amenable, and thus it is module biflat by Theorem 3.4. It is obvious that E S is uniformly locally finite, indeed Hence, (E S , ≤) is a uniformly locally finite semilattice. Now by [20, Proposition 2.14], it follows that (S, ≤) is uniformly locally finite. Also each maximal subgroup of S at an idempotent is isomorphic to G, hence ℓ 1 (S) is not biflat if G is not amenable [20, Theorem 3.7] . In fact, for non-amenable locally compact group G, ℓ 1 (S) * * is not biflat [16, Theorem 2.2] . Note that however, if I is finite, then biflatness of ℓ 1 (S) * * is equivalet to the finitness of G [11, Corollary 3.12].
